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Abstract. Consider an absolutely simple abelian variety A defined over a number field K. For 
most places v of K, we study how the reduction of A modulo v splits up to isogeny. Assuming 
the Mumford-Tate conjecture for A and possibly increasing K, we will show that A^ is isogenous 
to the m-th power of an absolutely simple abelian variety for all places v oi K away from a set of 
density 0, where m is an integer depending only on the endomorphism ring End(A^). This proves 
many cases, and supplies justification, for a conjecture of Murty and Patankar. Under the same 
assumptions, we will also describe the Galois extension of Q generated by the Weil numbers of Av 
for most V. 



1. Introduction 

Consider a non-zero abelian variety A defined over a number field K. Let T,k be the set of finite 
places of K, and for each place v G T^k let F„ be the corresponding residue field. The abelian 
variety A has good reduction at all but finitely many places v S 'Sk- For a place v G Tik for which 
A has good reduction, the reduction A modulo v is an abelian variety A^ defined over We 
know that the abelian variety A^ is isogenous to a product of simple abelian varieties (all defined 
over Ft,). The goal of this paper is study how A^ factors for "almost all" places v, i.e., for those v 
away from a subset of 'Sk with (natural) density 0. In particular, we will supply evidence for the 
following conjecture of V. K. Murty and V. Patankar [MP08]. 

Conjecture 1.1 (Murty-Patankar). Let A be an absolutely simple abelian variety over a number 
field K. Let V be the set of finite places v K for which A has good reduction and A^/Wi, is 
simple. Then, after possibly replacing K hy a finite extension, the density of V exists and V has 
density 1 if and only if End(Aj^) is commutative. 

The conjecture in [MP08] is stated without the condition that K possibly needs to be replaced 
by a finite extension. An extra condition is required since one can find counterexamples to the 
original conjecture. (For example, let A/Q be the Jacobian of the smooth projective curve defined 
by the equation = — 1. We have End(^Q) Q = QiCb)^ in particular A is absolutely 
simple. For each prime p = —1 (mod 5), the abelian variety A has good reduction at p and Ap is 
isogenous to where Ep is an elliptic curve over Fp that satisfies |ii'p(Fp)| = p+1. Conjecture 1.1 
will hold for A with K = Q(C5)) equivalently, Ap is simple for all primes p = 1 (mod 5) away from 
a set of density 0.) 

In our work, it will be necessary to first replace K by a certain finite Galois extension K'j^^'-^. The 
field K'^^^ is the smallest extension of K for which all the ^-adic monodromy groups associated to 
A over K'^^^ are connected, cf. §2.3. We quickly give an alternative description of this field from 
[LP95]. For each prime number i, let be the subgroup of A{K) consisting of those points 

whose order is some power of i. Let Er(^[£°°]) be the smallest extension of K in K over which all 
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the points of j4[£°°] are defined. We then have 

K'^^'' = f]K{A[£°°]). 

e 

We shall relate Conjecture 1.1 to the arithmetic of the Mumford-Tate group of A, see §2.5 for a 
definition of this group and §2.6 for a statement of the Mumford-Tate conjecture for A. 

Theorem 1.2. Let A be an absolutely simple abelian variety defined over a number field K such 
that K'^"^ = K . Define the integer m = [End(A) Q : EY^"^ where E is the center of the division 
algebra End(>l) ®z Q. 

(i) For all v G Y^k away from a set of density 0, A^ is isogenous to B"^ for some abelian variety 

(ii) Suppose that the Mumford-Tate conjecture for A holds. Then for all v £ T,k away from a 
set of density 0, A^ is isogenous to for some absolutely simple abelian variety B/¥y. 

Corollary 1.3. Let A be an absolutely simple abelian variety defined over a number field K such 
that = K . Let V be the set of finite places v of K for which A has good reduction and Ay/¥y 

is simple. 7/End(^) is non-commutative, then V has density 0. 7/End(^) is commutative and the 
Mumford-Tate conjecture for A holds, then V has density 1. 

We will observe later that End(74j^)(8)zQ = End(yl)(g)zQ when _fC^°™ = K; so the above corollary 
shows that Conjecture 1.1 is a consequence of the Mumford-Tate conjecture. Using Theorem 1.2, 
we will prove the following general version. 

Theorem 1.4. Let Abe a non-zero abelian variety defined over a number field K such that iT™"^" = 
K . The abelian variety A is isogenous to A^^ x • • • x ^4"" where the abelian varieties Ai/K are 
simple and pairwise non-isogenous. For 1 < i < s, define the integer rui = [End(Aj) (8)^ Q : Ei]^/"^ 
where Ei is the center o/End(Aj) ®i Q. 

Suppose that the Mumford-Tate conjecture for A holds. Then for all places v G T,k away from a 
set of density 0, Ay is isogenous to a product 13^=1 i?™'"* where the Bi are absolutely simple abelian 
varieties over F„ which are pairwise non-isogenous and satisfy dim(i?j) = dim(^j)/mj. 

Observe that the integer s and the pairs {ni,mi) from Theorem 1.4 can be determined from the 
endomorphism ring End(yl) Q. 

1.1. The Galois group of characteristic polynomials. Let ^ be a non-zero abelian variety 
over a number field K. Fix a finite place v oi K for which A has good reduction. Let vr^^ be 
the Frobenius endomorphism of A^ and let PAy{x) be the characteristic polynomial of vr^^. The 
polynomial Pa^{x) is monic of degree 2dimyl with integral coefficients and can be characterized 
by the property that P^^ (n) is the degree of the isogeny n — tta^ of ^ for each integer n. 

Let Wai, be the set of roots of Pa^{x) in Q. Honda- Tate theory says that Ay is isogenous to 
a power of a simple abelian variety if and only if Pa„ {x) is a power of an irreducible polynomial; 
equivalently, if and only if the action of GalQ on Wai, is transitive. 

The following theorem will be important in the proof of Theorem 1.2. Let Ga be the Mumford- 
Tate group of A\ it is a reductive group over Q which we will recall in §2.5. Let W{Ga) be the 
Weyl group of Ga- We define the splitting field kc^ of Ga to be the intersection of all the subfields 
L C Q for which the group Ga,l is split. 

Theorem 1.5. Let A be an absolutely simple abelian variety over a number field K that satisfies 
j;^a3nn _ Assumc that the Mumford-Tate conjecture for A holds and let L be a finite extension 
of ■ Then 

Gsl{LiWAj/L)^W{GA). 
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for all places v G S/^ away from a set of density 0. 

Moreover, we expect the following: 

Conjecture 1.6. Let ^ be a non-zero abelian variety over a number field K that satisfies ET™"^" = 
K. There is a group n(GA) such that Gal(Q(WAj/Q) = ^{Ga) for all v £T,k away from a set 
with natural density 0. 

We shall later give an explicit candidate for the group 11(0^); it has M^(Ga) as a normal 
subgroup. We will also prove the conjecture in several cases, cf. §8. 

1.2. Some previous results. We briefly recall a few earlier known cases of Theorems 1.2 and 1.5. 
Let A be an abelian variety over a number field K such that End(j4|^) = Z and such that 

2d\m{A) is not a k-ih. power and not of the form {^^"^ for every odd k > 1. Under these as- 
sumptions, Pink has shown that Ga is isomorphic to GSp2dim(A),Q ™d that the Mumford-Tate 
conjecture for A holds [Pin98, Theorem 5.14]. We will have K'^'^^ = K, so Theorem 1.2 says that 
Ay/¥y is absolutely simple for all places v € T,k away from a set of density 0. We have ko,^ = Q 
since Ga is split, so Theorem 1.5 implies that Gal(Q(Wyi„)/Q) is isomorphic to the Weyl group 
W^(GSp2dim(A),Q) = W^(SP2dim(A),Q) - ^^(Cdim(A)) for all V e J^K away from a set of density 0. 
These results are due to Chavdarov [Cha97, Cor. 6.9] in the special case where dim(^) is 2, 6 or odd 
(these dimensions are used to cite a theorem of Serre which gives a mod i version of Mumford-Tate) . 

Now consider the case where A is an absolutely simple CM abelian variety defined over a number 
field K; so F := 'End{Aj^)(^zQ. is a number field that satisfies [F : Q] = 2 dim(j4). After replacing K 
by a finite extension, we may assume that F = End{A)0zQ- We have Ga — R&SF/Q{Grn.^F), where 
ResjT'/Q denotes restriction of scalars from F to Q. The theory of complex multiplication shows 
that A satisfies the Mumford-Tate conjecture and hence Theorem 1.2 says that A^/¥^ is absolutely 
simple for almost all places v S S/^; this is also [MP08, Theorem 3.1] where it is proved using 
L-functions and Hecke characters. Theorem 1.5 is not so interesting in this case since W(Gyi) = 1. 

Several cases of Theorem 1.2 were proved by J. Achter in [Ach09] and [Achll]; for example, 
those abelian varieties A/K such that F := End(^|^) Q is a totally real number field and 
dim(A)/[F : Q] is odd. A key ingredient is known cases of the Mumford-Tate conjecture from 
the papers [Vas08], [BGK06] and [BGKIO]. Achter 's approach is very similar to this paper and 
boils down to showing that Pa^ (x) is an appropriate power of an irreducible polynomial for almost 
all places v S T,k- In the case where End(Aj^) is commutative, he uses the basic property that if 
Pyl„(x) mod i is irreducible in F£[x], then Pa^{x) is irreducible in Z[x]; unfortunately, this approach 
will not work for all absolutely simple abelian varieties A/K for which i^^"""^ = K and End(^j^) 
is commutative (see §8.1 for an example). Corollary 1.6 in the non-commutative case also follows 
from [Ach09, Theorem B]. 

1.3. Overview. We set some notation. The symbol i will always denote a rational prime. If X is 
a scheme over a ring R and we have a ring homomorphism R ^ R' , then we denote by Xji/ the 
scheme X Xspec/jSpeci?' over R'. The homomorphism is implicit in the notation; it will usually be 
a natural inclusion or quotient homomorphism; for example, Q — t- Qi, — t- Q^, — t- F^, K ^ K. 
For a field K, we will denote hy K a fixed algebraic closure and define the absolute Calois group 
Gali^ := Gal{K/K). 

Let ^ be a non-zero abelian variety over a number field K that satisfies K'^^^ = K. Fix an 
embedding C C. In §2, we review the basics about the £-adic representations arising from the 
action of Galx on the £-power torsion points of A. To each prime ^, we will associate an algebraic 
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group Ga/ over Qi. Conjecturally, the connected components of the groups Ga/ are isomorphic 
to the base extension of a certain reductive group Ga defined over Q; this is the Mumford-Tate 
group of A and comes with a faithful action on i7i(yl(C), Q). In §3, we review some facts about 
reductive groups and in particular define the group n(G^) of Conjecture 1.6. 

Let us hint at how Theorem 1.2 and Theorem 1.5 are connected; further details will be supplied 
later. For the sake of simplicity, suppose that End(j4j^) = Z. Fix a maximal torus T of and a 
number field L for which is split. Let ^(T) be the group of characters of and let C X{T) 
be the set of weights arising from the representation of T C Ga on Hi{A{C),Q). The Weyl group 
VF(G^,T) has a natural faithful action on the set il. 

Using the geometry of G^ and our additional assumption End(Aj^) = Z, one can show that 
action of VF(G^, T) on is transitive. Assuming the Mumford-Tate conjecture, we will show that 
for all V E T,k away from a set of density there is a bijection Wav ^ ^ such that the action 
of Gali on corresponds with the action of some subgroup of W{Ga,T) on Q, (this will be 
described in §6.2 and it makes vital use of a theorem of Noot described in §4). So for almost all 
V £ T.K, we find that Gal(L(>VA„)/i) is isomorphic to a subgroup of W{Ga, T). If Gal{L{yVAj/L) 
is isomorphic to W{Ga,T), then we deduce that GsIl acts transitively on Wa„ and hence PA^ix) 
is a power of an irreducible polynomial. The assumption End{Aj^) = Z also ensures that Pa^{x) 
is separable for almost all v, and thus we deduce that Pa^{x) is almost always irreducible (and 
hence A„ is almost always simple). To show that Gal{L{WAy) / L) is maximal for all v G away 
from a set of density 0, we will use a version of Jordan's lemma with some local information from §5. 

The proof of Theorem 1.4 can be found in §7; it easily reduced to the absolutely simple case. In 
§8 we discuss Conjecture 1.6 further and give an extended example. Finally, we will prove effective 
versions of Theorem 1.2 and Theorem 1.5 in §9. 

Acknowledgements. Thanks to J. Achter for rekindling the author's interest in the conjecture of 
Murty and Patankar. Thanks to F. Jouve and E. Kowalski; many of the techniques and strategies 
used here were first worked out in the joint paper [JKZll]. 

2. Abelian varieties and Galois representations: background 

Fix a non-zero abelian variety A defined over a number field K. In this section, we review 
some theory concerning the £-adic representations associated to A. In particular, we will define the 
Mumford-Tate group of A and state the Mumford-Tate conjecture. For basics on abelian varieties 
see [Mil86]. The papers [Scr77] and [Ser94] supply overviews of several motivic conjectures for A 
and how they conjecturally relate with its £-adic representations. 

2.1. Characteristic polynomials. Fix a finite field with cardinality q. Let i? be a non-zero 
abelian variety defined over Fg and let ttb be the Frobenius endomorphism of B. The characteristic 
polynomial of B is the unique polynomial Pb{x) G 1j[x] for which the isogeny u — ttb of B has degree 
Psin) for all integers n. The polynomial Pb{x) is monic of degree 2dimi? and its roots in C have 
absolute value q^/"^. 

The following lemma says that, under some additional conditions, the factorization of Pb{x) into 
irreducible polynomials is identical to the factorization of B into simple abelian varieties. 

Lemma 2.1. Let B he a non-zero abelian variety defined over Fp where p is a prime. Assume 
that Pb{x) is not divisible by x^ — p. If Pb{x) = Y[i=i Qi{x)"^' where the Qi{x) are distinct monic 
irreducible polynomials in then B is isogenous to 11/= i where Bi is a simple abelian 

variety overWp satisfying PB^ix) = Qi{x). 
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Proof. This is a basic application of Honda- Tate theory; see [WM71]. We know that B is isoge- 
nous to rii=i -^r* where the Bi/¥p are simple and pairwise non-isogenous. We have Pb{x) = 
Pg. Honda- Tate theory says that PB^ix) = Qi{xY'- where the Qi{x) are distinct irre- 

ducible monic polynomials in and the are positive integers. After possibly reordering the Bi, 
we have the factorization of Pb{x) in the statement of the lemma with rrii = riiCi. It thus suffices 
to show that = 1 for 1 < i < s. 

Fix 1 < i < s. Since Bi is simple, the ring E := End(i3j) (^z Q is a division algebra with 
center $ := Q(7rBj. By [WM71, I. Theorem 8], we have ei = [E : <I>]^/^. If the number field 
$ has a real place, then ttb; = ±p^/^ since Ivr^J = p^^"^. However, if tt^. = ±p^/^, then x"^ — p 
divides Pb^{x) € Q[x\. So by our assumption that x^ — p does not divide Pb{x), we conclude 
that $ has no real places. Using that Q('/rsJ has no real places and ¥p has prime cardinality, 
[Wat69, Theorem 6.1] implies that E is commutative and hence Ci = [E : ^j^/"^ = 1. □ 

We define Wb to be the set of roots of Pb{x) in Q. The elements of Wb are algebraic integers 
with absolute value q^/"^ under any embedding Q C. We define $b to be the subgroup of 
generated by Wb- 

2.2. Galois representations. For each positive integer m, let A[m] be the m-torsion subgroup 
of A{K); it is a free Z/mZ-module of rank 2dim^. For a fixed rational prime ^, let Ti{A) be the 
inverse limit of the groups A[t^\ where the transition maps are multiplication by I. We call Ti^{A) 
the Tate module of A at i; it is a free Z^-module of rank 2dim^. Define Vi{A) = Ti{A) Qe- 
There is a natural action of Gal/< on the groups A[?7i], T^^A), and Vi{A). Let 

PA,i: GalK ^ AutQ^{Vi{A)). 

be the Galois representation which describes the Galois action on the Q^-vector space Vi{A). 
Fix a finite place f of for which A has good reduction. Denote by A^ the abelian variety over 
obtained by reducing A modulo v. If u f i, then p^^^i is unramified at v and satisfies 

PaA^) = det(x/ - pA,eiFr:oK)) 

where PAy{x) € Z[x] is the degree 2dim^ monic polynomial of §2.1. Furthermore, pA,e(Frohv) is a 
semisimple element of AutQ^(V^(j4)) = 01^2 dim AiQe) ■ 

2.3. ^-adic monodromy groups. Let GLy^(^) be the algebraic group defined over Qi for which 
GLy^(^)(L) = AutL{L(i^Q^Vi{A)) for all field extensions L/Q^. The image of /9>i^£ lies in GLy^(^-)(Q£). 
Let GA,e be the Zariski closure in GLy^(^) of pA/iGalK)] it is an algebraic subgroup of GLy^(^) 
called the £-adic algebraic monodromy group of A. Denote by G^^ the identity component of Ga/- 

Let K'^^^ be the fixed field in K of p^\{G°A ^{Qe))', it is a finite Galois extension of K that does 
not depend on i, cf. [SerOO, 133 p. 17]. Thus for any finite extension L of K'^^^ in K, the group 
PA,tiGal{K / L)) is Zariski dense in G^^ (equivalently, Ga^/ = G°^^). We have K'^'^^ = K if and 
only if all the £-adic monodromy groups Ga,£ are connected. 

Proposition 2.2. Assume that = K. 

(i) The commutant of Ga/ in End(Q^(V£(A)) is naturally isomorphic to End(yl) Q^- 

(ii) The group Ga,£ is reductive. 

(iii) We have End(%) ®z Q = End(A) ®z Q. 

Proof. Faltings proved that the representation pA/ is semisimple and that the natural homomor- 
phism 

End(^) ®z ^ EndQ^[Gai;,](^£(^)) 
is an isomorphism, cf. [Fal86, Theorems 3-4]. So the commutant of G^/ in EndQ^(V^(j4)) equals 
End(^) (8)^ Q^- It follows easily that Ga/ is reductive. 
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Let L be a finite extension of K for which End(Aj^) = End(y4i). Since G^^/ = Ga,i, we obtain 
an isomorphism between their commutants; End(Ai) 0i Qi = End(^) (8)^ Q^. By comparing 
dimensions, we find that the injective map End(^) 0^ Q — )• End(Ai) (g)^ Q = End(74j^) 0z Q is an 
isomorphism. □ 

The following result of Bogomolov [BogSO] says that the image of pA/ in Ga/ is large. 

Proposition 2.3. The group p^_f(Gal/^) is an open subgroup of GA/iQt) with respect to the i-adic 
topology. 

Using that pA/iGalx) is an open and compact subgroup of GA/iQt), we find that the algebraic 
group Ga/ describes the image of pA,£ up to commensurability. 

Proposition 2.4. Assume that J<'™'^° = K. 

(i) The rank of the reductive group Ga,i does not depend on I. 

(ii) Let r be the common rank of the groups Ga/- Then the set of v £ T,k for which is a 
free abelian of rank r has density 1 . 

Proof. Fix a prime L For a place v where A has good reduction, let T^, be the Zariski closure in 
Ga,i of a fixed (semisimple) element in the conjugacy class p^^^(Frob^). The set of places v for 
which Tt, is a maximal torus of Ga,i has density 1; this follows from [LP97, Theorem 1.2]. Observe 
that is a maximal torus of Ga/ if and only if $^1^ (the multiplicative group generated by the 
eigenvalues of pA,i(J^T^ohv)) is a free abelian group whose rank equals the reductive rank of Ga/- 
Parts (i) and (ii) follow since the rank of ^Ay does not depend on i. □ 

2.4. The set Sa- We define Sa to be the set of places v G T,k that satisfy the following conditions: 

• A has good reduction at v, 

• F^; has prime cardinality, 

• ^Ay is a free abelian group whose rank equals the common rank of the groups Ga/- 

Using Proposition 2.4(ii), one finds that Sa has density 1 if K'^^^ = K. Since we are willing to 
exclude a set of places with density from our main theorems, it will suffice to restrict our attention 
to the places v S Sa- 

2.5. The Mumford-Tate group. Fix a field embedding K'^^^ C C. The homology group V = 
Hi {A{C) , Q) is a vector space of dimension 2 dim A over Q. It is naturally endowed with a Q- Hodge 
structure of type {(—1,0), (0, —1)}, and hence a decomposition 

V^qC = Hi{A{C),C) = V^^'° © 

such that y° -1 = y-i.o. Let 

P- Gm,,c — ^ GLv^qC 

be the cocharacter such that p{z) is the automorphism of V (8>q C which is multiplication by z on 
V-^'° and the identity on F° for each z = Gm.{C). 

Definition 2.5. The Mumford-Tate group of A is the smallest algebraic subgroup of GLy, defined 
over Q, which contains p{Gm.c)- We shall denote it by Ga- 

The endomorphism ring End(^(C)) acts on V; this action preserves the Hodge decomposition, 
and hence commutes with p and thus also G^. Moreover, the ring End(^(C)) Cg)^ Q is natu- 
ral isomorphic to the commutant of Ga in End(Q(y). The group Ga/Q is reductive since the 
Q-Hodge structure for V is pure and polarizable. Using our fixed embedding K^^'-^ C C and 
Proposition 2.2(ii), we have a natural isomorphism End(^(C)) ©z Q = End(^/<«jnn) ©^ Q. 
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2.6. The Mumford-Tate conjecture. The comparison isomorphism Vi{A) = V 0qQ£ induces an 
isomorphism GLy^(yi) = G'Lv,Qr The following conjectm'e says that G^^ and Ga,Qi are the same 
algebraic group when we use the comparison isomorphism as an identification, cf. [Ser77, §3]. 

Conjecture 2.6 (Mumford-Tate conjecture). For each prime i, we have G^^ = Ga,Qi- 

The Mumford-Tate conjecture is still open, however significant progress has been made in showing 
that several general classes of abelian varieties satisfy the conjecture; we simply refer to [Vas08, §1.4] 
for a partial list of references. The Mumford-Tate conjecture for A holds if and only if the common 
rank of the groups G^^ equals the rank of [LP95, Theorem 4.3]; in particular, the conjecture 
holds for one prime i if and only if it holds for all i. One inclusion of the Mumford-Tate conjecture 
is know to hold unconditionally, see Deligne's proof in [DMOS82, I, Prop. 6.2]. 

Proposition 2.7. For each prime i, we have G^£ C G^^q^,. 

Using this proposition, we obtain a well-defined Galois representation pA,e- Galftf^nn — ). GAiQe) 
for each prime i. 

2.7. Probenius conjugacy classes. Let R be the affine coordinate ring of Ga- The group G^ 
acts on R by composition with inner automorphisms. We define R^^ to be the Q-subalgebra of R 
consisting of those elements fixed by this G^-action; it is the algebra of central functions on G^. 
Define Conj(G/i) := Spec(i?^^); it is a variety over Q which we call the variety of (semi-simple) 
conjugacy classes of Ga- We define cIq^ : Ga — ^ Conj(Gyi) to be the morphism arising from the 
inclusion R^^ ^ R of Q-algebras. 

Let L be an algebraically closed extension of Q. Each g G GAiL) can be expressed uniquely in 
the form gsQu where gs is semisimple, gu is unipotent, and gs and gu commute. For g,h £ Ga{L), 
we have gs = hg if and only if c1ga(5) = c\Q,^{h). 

Assume that = K. We can then view pA/ as having image in GA{Q.t)- The following 

conjecture says that the conjugacy class of G^ containing p^f(Frobt,) does not depend on i; see 
[Ser94, C.3.3] for a more refined version. 

Conjecture 2.8. Suppose that K'^'^'^ = K. Let f be a finite place of K for which A has good 
reduction. Then there exists an F„ G Conj(GA)(Q) such that clG4(/5A,^(Frob^)) = Fy for all primes 
£ satisfying v \ £. 

Remark 2.9. The algebra of class functions of GLy is Q[ai, . . . , a^] where the Oj are the morphisms 
of GLv that satisfy det(x/ — 5) = x" + ai{g)x'^~^ + . . . + an-i{g)x + an{g) for g £ GLv(Q). The 
inclusion Ga ^ GLy induces a morphism /: Conj(GA) — Conj(GLi/) := SpecQ[ai, . . . , On] — 
Aq. Let u be a finite place of K for which A has good reduction. Conjecture 2.8 implies that for any 
prime i satisfying v \ £, /(cIq^ (/OA,£(Frob^))) = f{Fy) belongs to Conj(GLv')(Q) and is independent 
of i; this consequence is true, and is just another way of saying that det(xl — pA/{Frohv)) has 
coefficients in Q and is independent of i. 

In §4, we will state a theorem of Noot which gives a weakened version of Conjecture 2.8. 

2.8. Image module i. Let GLj'^(^) be the group scheme over for which GLy^(y^-)(i?) = 
Autji{R Ti{A)) for all (commutative) Z^-algebras R. Note that the generic fiber of GLxeiA) is 
GLy^(^) and the image of pA,e lies in GL'p^(^)(Z£). Let Qa/ be the Zariski closure of pA/iGalx) 
in GL7-^(^); it is a group scheme over with generic fiber Ga/- 

Let Pa/'- Galx — > Autx/ez{^[^]) be the representation describing the Galois action on the £- 
torsion points of A. Observe that pj^i{GalK) is naturally a subgroup of Ga/O^i)] the following 
results show that these groups are almost equal. 
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Proposition 2.10. Suppose that K'^^^ = K and that A is absolutely simple. 

(i) For i sufficiently large, Qa/ is a reductive group over Z^. 

(ii) There is a constant C such that the inequality [Qa,i{^i) ■ Pa eiGalK)] ^ C holds for all 
primes i. 

(iii) Fori sufficiently large, the group jOyi£(Gal/<) contains the commutator subgroup ofQA/i^e)- 

Proof. In Serre's 1985-1986 course at the College de France [SerOO, 136], he showed that the groups 
pA,i{GsdK) are essentially the F^-points of certain reductive groups. For each prime i, he constructs 
a certain connected algebraic subgroup of GLj-^^y^^p^ = GL2dimyl,F£- There exists a finite 
extension L/K for which the following properties hold for all sufficiently large primes i: 

• Hi is reductive, 

• Pj^ i{GalL) is a subgroup of Hi{¥() and the index \Hi{¥£) : jo^ £(GalL)] can be bounded 
independent of £. 

• Pa flGali) contains the commutator subgroup of Hni^i). 

Detailed sketches of Serre's results were supplied in letters that have since been published in his 
collected papers; see the beginning of [SerOO], in particular the letter to M.-F. Vigneras [SerOO, 137]. 
The paper [Win02] also contains everything we need. 

In [Win02, §3.4], it is shown that Serre's group equals the special fiber of QA,i foi^ all sufficiently 
large I. Parts (ii) and (iii) then follow from the properties of H^. For part (i), see [Win02, §2.1] 
and [LP95]. □ 

2.9. Independence. Combining all our £-adic representations together, we obtain a single Galois 
representation 

PA- Galic ^ ]jAutQ,(T/^(^)) 

I 

which describes the Galois action on all the torsion points of A. The following theorem shows that, 
after possibly replacing K hy a. finite extension, the Galois representations pA,i will be independent. 

Proposition 2.11 (Serre [SerOO, 138]). There is a finite Galois extension K' of K in K such that 
Pa{G&\k') equals \[^pA/{Ga\-K')- 

We will need the following straightforward consequence: 

Proposition 2.12. Fix an extension K' /K as in Proposition 2.11. Let A be a finite set of rational 
primes. For each prime £ £ A, fix a subset Ug of ^(Gali^) that is stable under conjugation. Let 
S be the set of v £ T,k such that pA ^(Frob„) C Ug for all £ £ A. Then S has density 



\c\ T-r \PA/(^c) n Ui 



z-.\Gai{K'/K)\ n \p^/rc)\ 

where C varies over the conjugacy classes of Gal{K' /K) and Tc is the set of a £ GsIk for which 
a\K> e C. 

Proof. Set m := H^gA^' ^^'^ define Um '■= Yle\m which we view as a subset of Autz/mz{-^[''T^])- 
Let PA,m- GalK — ^ ^^^z/rnzi^['>TA) be the homomorphism describing the Galois action on 74[m]. 
Let p and p' be the Haar measures on Gali^ normalized so that p^Galx) = 1 and ;u'(Galx') = 1- 

The Chebotarev density theorem says that the density (5 of 5 is defined and equals p{{cr £ Galx '■ 
PA,m{'^) G Um})- Let {(Ti}jg/ be a subset of Gali^ consisting of representatives of the cosets of Galx' 
in Galx- We then have 

[K' ■.K]S = Y^ p'{{a £ a. Gal^, : pa,M € U^}) = ^ ' ^aU^ ) ' . 

f^j \PA,m[(^iGalK')\ 



We have p^ „^(Galx/) = Yli^m PA/i^^^K') by our choice of K' and hence Pj^ ,^{ai Galx') equals 
Y[e\mPA,i{^i GsIk') for all i G /. Therefore, 

Since f/g is stable under conjugation, we find that |jo^ ^((Tj Galj^') n C/^l /| p^^^(cTj Gal/^/)| depends 
only on the conjugacy class C of Gal(i^'/-^) containing (Tj|x' and equals \pA,e(Xc) H f^£|/|p^,^(rc)|- 
Using this and grouping the cjj by their conjugacy class when restricted to K', we deduce that 

r:gM = Eigin ''1-"'^rT'' 

where C varies over the conjugacy classes of Gal(i^'/i^). □ 

3. Reductive groups: background 
Fix a perfect field k and an algebraic closure k. 

3.1. Tori. An (algebraic) torus over k is an algebraic group T defined over k for which Tg is 
isomorphic to for some integer r. Fix a torus T over k. Let ^(T) be the group of characters 

T^ — )• it is a free abelian group whose rank equals the dimension of T. Let Aut(Tg) be the 

group of automorphisms of the algebraic group T^. For each / G Aut(T^), we have an isomorphism 
: ^(T) —7- X{T), a I— 7- a o /~^; this gives a group isomorphism 

Aut(T^-) ^ Aut(X(T)), / ^ 

that we will often use as an identification. 

There is a natural action of the absolute Galois group Gal^ on X{T); it satisfies a{a{t)) = 
a{a){a{t)) for all a £ GaU, a G X{T) and t G T{k). Let ipT'- Galfc Aut(X(T)) be the homo- 
morphism describing this action, that is, (p'j:{a)a = a{a) for a G Gal^ and a G -'^(T). We say that 
the torus T is split if it is isomorphic to f^; equivalently, if (^T(Galfe) = 1. 

Let G be a reductive group over k. A maximal torus of G is a closed algebraic subgroup that 
is a torus (also defined over k) and is not contained in any larger such subgroup. If T and T' are 
maximal tori of G, then T^ and T^ are maximal tori of G^ and are conjugate by some element of 

G{k). The group G has a maximal torus whose dimension is called the rank of G. We say that G 
is split if it has a maximal torus that is split. 

3.2. Weyl group. Let G be a connected reductive group over k. Fix a maximal torus T of G. 
The Weyl group of G with respect to T is the (finite) group 

W{G,T) ■.= NG{T){k)/T{k) 

where A^g(T) is the normalizer of T in G. For an element g G A^G(T)(fc), the morphism — )• 
T^, t I— 7- gtg~^ is an isomorphism that depends only on the image of g in W{G, T); this induces a 
faithful action of W{G,T) on T^. So we can identify W{G,T) with a subgroup of Aut(T^) and 
hence also of Aut(X(T)). 

There is a natural action of Gal^ on W{G,T). For a G Gal^ and w G Vl^(G,T), we have 
Vt(o') owo v?t(o')~^ = cr{w). In particular, note that the action of Galfc of VF(G, T) is trivial if T 
is split. 

We define n(G,T) to be subgroup of Aut(X(T)) generated by W^(G,T) and v3T(Galfc). The 
Weyl group 1^(G,T) is a normal subgroup of n(G,T). Up to isomorphism, the groups T4^(G,T) 
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and n(G,T) are independent of T; we shall denote the abstract groups by W{G) and n(G), 
respectively. 



3.3. Maximal tori over finite fields. We now assume that /c is a finite field Fg with q elements. 
Let G be a connected reductive group defined over ¥q. Assume further that G is split and fix a 
split maximal torus T. Let T' be any maximal torus of G. There is an element g £ G{¥q) such that 
gT'- g-^ = Tp^. Since T and T' are defined over Fg, we find that FTohg{g)T'- Frohg{g)-^ = Tf^ 

and hence gFrohg{g)-^ belongs to iVG(T)(Fg). Let 6*0.4 (T') be the conjugacy class of W{G,T) 
containing the coset represented by gFT:ohg{g)~^ . These conjugacy classes have the following inter- 
pretation: 

Proposition 3.1. The map T' 1— )• 9g{T') defines a bijection between the maximal tori of G up to 
conjugation in G{¥q) and the conjugacy classes ofW{G,T). 

Proof. This is [Car85, Prop. 3.3.3]. Note that the action of Frobg on W{G,T) is trivial since T is 
split, so the Frobq-conjugacy classes of W{G,T) in [Car85] are just the usual conjugacy classes of 
W(G,T). □ 

Let G(¥g)sr be the set of 5 G G(Fg) that are semisimple and regular in G. Each g G G{¥q)sr is 
contained in a unique maximal torus of G. We define the map 

9G:G{¥q)sr^W{G,T)K g^9G{T,) 

where VF(G, T)^ is the set of conjugacy classes of VF(G, T). We will need the following equidistri- 
bution result later. 

Lemma 3.2. Let G be a connected and split reductive group over a finite field ¥q, and fix a split 
maximal torus T. Let C be a subset of W{G,T) that is stable under conjugation and let k be a 
subset of G{¥q) that is a union of co sets of the commutator subgroup o/G(Fg). Then 



\{gGKnGi¥q),r:eG{g)^C}\ _ \C\ 



|k| \W{G,T) 
where the implicit constant depends only on the type of G . 



+ 0{l/q) 



Proof. We shall reduce to a special case treated in [JKZll] which deals with semisimple groups. 
Let G*^*^ be the quotient of G by its center and let G — t- G^'^ be the quotient homomorphism. 
Let T*^"^ be the image of T under Lp; it is a split maximal torus of G'^'^. The homomorphism ip 
induces a group isomorphism 99*: W{G,T) ^ W [G""^ ,T^'^) . An element g G G{¥q) is regular and 
semisimple in G if and only if 'p{g) is regular and semisimple in G^'^. For g G G{¥q)sr, one can 
check that OGid) C C if and only if OG^'^i^id)) ^ f*{C). Therefore, 



(3.1 



|{<7 G K n Gi¥q)sr ■■ OGig) c c}\ _ \{g G ^{k) d G^^i¥q)sr ■■ eG^^g) ^ MC)}\ 



\k\ \(p{k)\ 

Let G'^'^'' be the derived subgroup of G and let vr : G*"^ — t- G'^'^'^ be the simply connected cover of 
Qder^ The homomorphism vr' := ip ott: G^'^ — t- G*^"^ is a simply connected cover of G'^'^. Since G*^*^ 
is adjoint, it is the product of simple adjoint groups defined over Fg. Assuming that q is sufficiently 
large, the group 7r'(G'^'^(Fg)) agrees with the commutator subgroup of G'^*^(Fg) and is a product 
of simple groups of Lie type, see [Lar95, §2.1] for background. (We can later choose the implicit 
constant in the lemma to deal with the finitely many excluded q.) Since '7r'(G^'^(Fg)) is perfect, we 
find that the image of the commutator subgroup of G(Fg) under (p is 7r'(G^'^(Fg)). In particular, 
ip{K) C G''<^(Fg) consists of cosets of 7r'(G"'=(Fg)). Proposition 4.6 of [JKZll] now applies, and shows 
that that the right hand side of (3.1) equals |^*(C)|/| VF(G'^"i, T'^'^)] + 0(l/g) = |C7|/| VF(G, T)| + 
0{\/q) where the implicit constants depend only on the type of G'^'^; the proposition is only stated 
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for a single 7r'(G^^(Fg)) coset, but one observes that the index [G'^'^(Fq) : TT^G'^'iFq))] can be 
bounded in terms of the type of G^'^. □ 

4. Frobenius conjugacy classes 

Let ^ be a non-zero abehan variety over a number field K. Assume that K'^^^ = K and fix an 
embedding X C C. In this section, we state a theorem of R. Noot which gives a weakened version 
of Conjecture 2.8. 

4.1. The variety Conj'(Gy4). We first need to define a variant of the variety Conj(Gyi) from 
§2.7. Let G^'''' be the derived subgroup of G^- Let {Hj}jg/ be the minimal non-trivial normal 
connected closed subgroups of (G^^'')q. The groups Hj are semisimple. The morphism Hie/ ~^ 
(G^'^'')q, {gi)i<zi I— )• YYi^i Qi is a homomorphism of algebraic groups and has finite kernel. 

Let J be the set of i G / for which Hj is isomorphic to SO(2fej)Q for some integer ki > 4. For each 
« G J, we identify Hj with SO(2A;,j)^ and we set := 0(2^^)^. For i € / — J, we set := Hj. 

Let C be the center of Ga- We define A to be the group of automorphisms / of the algebraic 
group G^ Q which satisfy the following properties: 

• /(Hi) = Hi for ah i G /, 

• the morphism /Ih^ : Hi — )• Hi agrees with conjugation by some element in H^, 

• the morphism f\c^- — )• is the identity map. 

Let R be the affine coordinate ring of Ga- The group A acts on R by composition, and we define 
R^^ to be the Q-subalgebra of R consisting of those elements fixed by the ^-action. Define the 
Q-variety Conj'(G^) := Spec(i2"^) and let cIq^ : G^ — ?• Conj'(Gyi) be the morphism arising from 
the inclusion R'^ ^ R of Q-algebras. 

4.2. A theorem of Noot. By Proposition 2.7 and our ongoing assumption K'^'-^^^ = K, the 
representation p^ i has image in Gyi(Q£)- The following is a consequence of [Noo09, Theoreme 1.8]. 

Theorem 4.1 (Noot). Let v be a finite place of K for which A has good reduction. Suppose that 
TriTr^"*^ is not a root of unity for all distinct roots 7ri,7r2 G Q of PAy{x). Then there exists an 
G Conj'(Gyi)(Q) such that = cl'Q^{pA,e{Fvohv)) for all primes £ satisfying v \ 1. 

The group of inner automorphisms of G^ q is a normal subgroup of finite index in A. So each 
element of R'^ is a central function of Ga, and we have a natural morphism (p: Conj(GA) — 
Conj'(Gyi) that satisfies cIq^ = ip o cIg^- Observe that if Conjecture 2.8 holds, then the in 
Noot's theorem equals p{F^). 

4.3. The group F. Fix a maximal torus T of Ga- Let A{T) be the subgroup of / G .4 that satisfy 
/(Tq) = T^. Every element of A is conjugate to an element of ^(T) by an inner automorphism 
of G^Q. Define 

r := {/It^ : / G ^(T)}; 

it is a (finite) subgroup of Aut(T^) which is stable under the action of GalQ. For ti,t2 G T(Q), we 
have clQ^(ti) = clQ^(t2) if and only if t2 = /3(ti) for some /3 G F. So using cIq^, we find that the 
variety Conj'(Gyi)Q is the quotient of the torus T^ by F. 

Observe that W{Ga,T^) is a normal subgroup of F. The following technical lemma will be 
important later. 

Lemma 4.2. Suppose H is a subgroup ofV such that H Ci C ^ 9 for each conjugacy class CofV 
contained in W{Ga,T^)- Then H D W{Ga,T). 
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Proof. Since W(Gy4, T) is a normal subgroup of T, there no harm in replacing H by Hr]W{GA, T); 
thus without loss of generality, we may assume that H is a subgroup of VF(Gy!i, T). 

Let $ := ^>(Ga,T) C X{T) be the set of roots of Ga with respect to T, cf. [Bor91, §8.17]. 
The set of roots with the embedding $ X{T/C) (^z 1^ form an abstract root system. The root 
system $ is the disjoint union of its irreducible components where the root systems 

correspond with our subgroups Hj. 

We can identify T with a subgroup of Aut(X(T)). For / G T, we have /($) = moreover, 
f{^i) = for i £ I. For each i £ I, we have a homomorphism F — )• Aut(<I>j),/ i— )• /|$. whose 
image we denote by Fj. Let W{^i) be the Weyl group of <I>j; it is a subgroup of index at most 2 
in Fj. If i ^ J, then we have Fj = W{^i). The group VF(G^,T) acts faithfully on <I>, and one can 
then check that F also acts faithfully on <I>. Therefore, the natural map F — ?• Plie/-'^* — Aut(^) is 
injective and W{Ga, T) is mapped to the Weyl group Hie/ ^i^i) — We may thus identify 

H with a subgroup of HigT'-'^j- the group of {fj)j^i S Hj^z-'^i which belong to H and 

satisfy fj = 1 for j / i. We have HiG/ Hi <Z H C W{^), so it suffices to show that W{^i) C Hi for 
every i £ I. 

Fix any i £ I. From our assumptions on H, we find that Hi is a subgroup of W{^i) such that 
n C / for every conjugacy classes C of Fj that is contained in If Fj = VF($j), then we 

have Hi = W{^i) by Jordan's lemma. It remains to consider the case where Fj ^ W{^). 

We have reduced the lemma to the following situation: Let $ be an irreducible root system of type 
Dn with n > 4. Let F be a subgroup of Aut(<I>) that contains W{^) and satisfies [F : = 2. 

Let H he a subgroup of VF(<I>) that satisfies H C ^ f/> for all conjugacy classes C of F contained 
in W{^). We need to show that H = W{^). 

We can identify the root system $ with the set of vectors ztcj it ej with l<i<j<nm M", 
where ei, . . . , is the standard basis of ffi"'. Let F' be the group of automorphisms / of the vector 
space such that for each 1 < i < 77,, we have /(cj) = EiCj for some j £ {1, . . . ,n} and Sj £ {±1}. 
Ignoring the signs, each f £ T' gives a permutation of {1, ... ,n}; this defines a short exact sequence 

where the group N consists of those / G F' that satisfy /(cj) = itcj for all 1 < z < n. The Weyl 
group is the subgroup of index 2 in F' consisting of those / for which Yli=i — 1- We may 

assume that F = F'; for n > 5, this is because F' = Aut($) (for n = 4, the subgroups of Aut($) 
that contain iy(<I>) as an index subgroup of order 2 are all conjugate to F'). Restricting ip to W{^), 
we have a short exact sequence 

where A^' is the group of f £ N for which /(ej) = ejCj and Hi = 1- Since ^p{T) = ip{W{^)) = 5„, 
our assumption on H implies that ip{H) n C 7^ for each conjugacy class C of Sn- We thus have 
ip{H) = Sn by Jordan's lemma. It thus suffices to prove that H 5 A^'. 

For a subset B C with cardinality 2, we let fs be the element of N' for which 

fsiei) = -ei ii i £ B and /^(ei) = Cj otherwise. For 5 G F, we have gfsg'^ = fa{B) where 
cr := '^{g). Therefore, H contains an element of the form fs for some set B C {1, . . . ,n} with 
cardinality 2 (such functions form a conjugacy class of F in 1^(<I>)). Since (p{H) = Sn, we deduce 
that H contains all the fs with \B\ = 2, and hence H D N' (since N' is generated by such fs). □ 

5. Local representations 

Fix a non-zero abelian variety A defined over a number field K such that K'^^^ = K. Fix a 
prime I and suppose that Qai is a reductive group scheme over which has a split maximal torus 
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T. Denote the generic fiber of T by T; it is a maximal torus of Ga,i- 



Take any place v G Sa that satisfies v \ I. Define the set 

:= {t G T(Q£) : t and /9yi^£(Frobt,) are conjugate in G^^^(Q^)} 

and fix an element t^^i G '^vi- Conjugation induces an action of the Weyl group W {Ga,i,'^) on 
Since v belongs to Sa^ we find that the group generated by t^^^ is Zariski dense in and 
hence the action of W{Ga/, T) on X^^i is simply transitive. 

Since Ga,i and /o^^£(Frobt,) are defined over Q^, we also have a natural action of Gal^^ on X^,^^. So 
for each a G GalQ^,, there is a unique il)y^i{a) G W{GaIi'^) that satisfies (j{ty^() = 4'v/{cy)~'^{tv/). 
Using that T is split, one can show that that map 

il)^/: GalQ, W{Ga/,T), a ^ i^v/ia) 

is a group homomorphism. Note that a different choice of t^^i would alter ■01,^^ by an inner auto- 
morphism of W{Ga,i, T). 

Choose an embedding Q C Q^. The homomorphism ipy^i then factors through an injective group 
homomorphism Gal{Qi{WAj/Qe) ^ W{Ga,i,T). 

Lemma 5.1. Fix a subset C o/VK(Ga/,T) that is stable under conjugation. There is a subset Ui 
of ^(Gal/^) which is stable under conjugation and satisfies the following properties: 

• If V £ Sa satisfies v\i and ^^^(Frob^) C U^, then ip^^^ is unramified and ipy^giFrohi) C C. 

• Let K' be a finite extension of K and let k be a coset of GsIk' in GsIk- Then we have 

^ - = LiJ u Oil ti 

\PaM\ \W{Ga,,.T)\ ^ > 

where the implicit constant depends only on A and K' . 

Proof. Set Q := QaXi it is a reductive group scheme over by assumption. The special fiber Q^^ 
is a reductive group with split maximal torus Tf^- Assuming i is sufficiently large, the derived 
subgroups of and Qq^ = Ga/ are of the same Lie type; this follows from [Win02, Theoreme 2]. 
Note that we can set {/^ = for the finitely many excluded primes. Therefore, the Weyl groups 
W(Gy4^^,T) and W{Qf^,Twi) ^'^^ abstractly isomorphic; we now describe an explicit isomorphism. 
The homomorphism 

(5.1) Ng{T){'Li)/T{'Li) ^ Ng{T)m/Tm = W{Gq,,Tq,) = W{Ga,i,T) 

is injective; the identification with the Weyl group use that = T is split. The normalizer 
Ng{T) is a closed and smooth subscheme of Q; for smoothness, see [DG70, XXII Corollaire 5.3.10]. 
The homomorphisms Ng{T){2i() — )• Ng{T){¥t) and T{1'i) — )• T{¥i) are thus surjective by Hensel's 
lemma, and we obtain a a surjective homomorphism 

(5.2) Ng{T){Ze)/T{Ze) - Ng^^{TF,){¥e)/%,{¥e) = W{gw„%,). 

Since (5.1) and (5.2) are injective and surjective homomorphisms, respectively, into isomorphic 
groups, we deduce that they are both isomorphisms. Combining the isomorphisms (5.1) and (5.2), 
we obtain the desired isomorphism 1^(G^^^,T) — > W{Q^g,7wi). 

Now fix a place v G Sa, and let h G QC^i) be a representative of the conjugacy class pA,e(Pmhv). 
We know that h is semisimple and regular in Qq^ = Ga/- Assume further that the image h 
in ^(F^) is semsimple and regular. The centralizer Th of h in Q is then a smooth and closed 
subscheme whose generic and special fibers are both maximal tori, i.e., 7/i is a maximal torus of G. 
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The transporter Tiansp g(Th,T) is a closed and smooth group scheme in Q; again for smoothness, 
see [DG70, XXII Corollaire 5.3.10]. Recall that for any Z^-algebra R, we have 



Transpg{Th,T){R) = {g € G{R) : gTh,B.g~^ = Tr}. 

Choose any point 'g G Transpg(7/i, 7')(F£). Let Z"" be the ring of integers in the maximal unramified 
extension of in Q^. Since Transpg (7h , T) is smooth and Z"" is Henselian, there is an G 
Transpg(7/i, 7')(Z""') which lifts 'g. The element g¥xoh£{g)~^ belongs to A''g(T)(Z"") and under the 
reduction map it is sent to g¥iohi{g)~^ G Ng^^{T¥^)(¥i). The element of VF(^f^i'7fJ represented 
by g¥ioh£{g)"^ belongs to the conjugacy class 9g^^ {h) as in §3.3. Define t := ghg~^; it is an element 
of the set ly^i. We have 

FVob^(t) = Frohi{g)hFroheigr^ = {gFroheigyY' ■ * ■ (9 Frob^C^)^') 

since h is defined over Q^. Therefore, the conjugacy class o^^py/{Fvohe) in W{Qq^, 7q^) = W{Ga,£, T) 
is represented by gFi:ohi{g)~^ . Since g is defined over Z"", we deduce that ipy^£ is unramified at 
i. With respect to our isomorphism VF(Ga^£,T) = W{QQ^,TQf) = W{Qfi,,H^), we find that 
^py^£(Flcoh^) lies in the conjugacy class 6g^ (^^^(Frob^)) of W{GA.e,T)- 

Let Ui be the set of /i G pA/iGalx) that are semisimple and regular in Qy^ and satisfy 9g^^ {h) C C; 
it is stable under conjugation by p^^(Gali^). If f G 5^1 satisfies v \ I and p^^(Frob„) C JJi, 
then the above work shows that ipy^i is unramified and ipy^i{Fxohii) lies in the conjugacy class 
^gF,(PA/(Frob,)) CC. 

It remains to show that Ui satisfies the second property in the statement of the lemma. Proposi- 
tion 2.10(iii) tells us that ^(Galx') contains the commutator subgroup of ^^^(F^) for I sufficiently 
large. For such primes ^, p^i ^(k) consists of cosets of the commutator subgroup of ^^^(F^), and 
hence 

^ = B + Oil/ 1) = ^ + 0(1/^) 

by Lemma 3.2 where the implicit constant depends only on A and K' (the dimension of Ga,£ is 
bounded in terms of dim A, and hence there are only finite many possible Lie types for the groups 
^ as ^ varies) . □ 



6. Proofs of Theorem 1.2 and Theorem 1.5 

Fix an absolutely simple abelian variety A defined over a number field K. We have assumed 
that = K; equivalently, all the groups Ga/ are connected. Fix an embedding K <Z C and 

let Ga ^ GLy be the Mumford-Tate group of A where V = Hi{A{C),Q). Fix a maximal torus T 
of Ga- Let Sa be the set of places from §2.4. We shall assume that the Mumford-Tate conjecture 
for A holds starting in §6.2. 



6.1. Weights. We first describe some properties of the representation Ga ^ GLy. We will use 
the group theory of [Ser79, §3] (the results on strong Mumford-Tate pairs in [Pin98, §4] are also 
relevant). 

By Proposition 2.2(i), the commutant of G^ in EndQ(y) is naturally isomorphic to the ring 
A := End(74) <Siz Q- The ring A is a division algebra since A is simple. The center of A is a 
number field. Define the integers r := : Q] and m := [A : E]^^"^. The representation Ga ^ GLy 
is irreducible since A is a division algebra. 

For each character a G -'^(T), let V{a) be the subspace of V Q consisting of those vectors v 
for which t-v = a(t)v for all t G T(Q). We say that a G X{T) is a weight of V if V{a) / 0, and we 
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denote the set of such weights by Q. We have a decomposition V CgiQ Q = ®a£nV{a), and hence 
(6.1) det(xl -t)=Yl{x- Q(t))"^" 

for each t G T(Q) where nia '■= dim-^V{a) is the multiplicity of a. The set of weights is stable 
under the actions of W{Ga,'~^) and GalQ on X(T), so II{Ga,T) also acts on Q. 

Lemma 6.1. 

(i) The representation V (^q Q of G^q is the direct sum of r irreducible representations 
Vi, . . . ,Vr. Let fij C X(T) be the set of weights of Vi. Then is the disjoint union of 
the sets f^i, . . . , 17^ . 

(ii) The group W{Ga,T) acts transitively on each set In particular, the action ofW{GA-, T) 
on has r orbits. 

(iii) The group n(GA,T) acts transitively on Vt. 

(iv) For each a G il, we have = m. 

Proof. These properties all follow from the results of Serre in §3.2 (and in particular p. 183) of 
[Ser79]; note that the Mumford-Tate group Ga satisfies the hypotheses of that section. Fix a Borel 
subgroup B of G^q that contains T. Serre shows that = H^(Ga,T) • where i7+ is the set 

of highest weights of the irreducible representations of V (^q Q (the notion of highest weight will 
depend on our choice of B). The set fi^ has r elements. The sets J^i, . . . ,17^ in the statement of 
the lemma are the orbits W{Ga-,T^) ■ ol with a G O"*". The group GalQ acts transitively on $7+, so 
we find that n(GA,T) acts transitively on That n(Gyi,T) acts transitively on implies that 
each weight a G O has the same multiplicity; Serre shows that it is m. □ 

We now give some basic arithmetic consequences of these geometric properties. 

Lemma 6.2. Let L be an algebraically closed extension o/Q. Fix a place v G Sa and an element 
t G T(L) that satisfies det(x/ — t) = Pa^(x). Then the map 

7:X(T)^4>A,, a^a{t) 

is a well-defined homomorphism that satisfies 7(ri) = Wa„ ■ The homomorphism 7 is surjective; it 
is an isomorphism if and only if the Mumford-Tate conjecture for A holds. 

Proof. The map a 1— )• a{t) certainly gives a homomorphism 7: X{T) — )■ L^ . We need to show that 
7 has image in ^Av- By (6.1), the roots of det(3;/ — t) in L are the values a{t) with a G O. Since 
Pa^{x) = det(x/ — t) by assumption, we have Wa„ = {o:{t) : a £ = 7(r2). The set Q generates 
X(T) since Ga acts faithfully on V. Since 7(^2) = Wav and Wav generates ^Av^ we deduce that 
7(X(T)) = This proves that 7: X{T) — )• ^a^ is a well-defined surjective homomorphism. 

The group ^>a„ is a free abelian group of rank r by our definition of Sa where f is the common 
rank of the groups Ga,i- The group X{T) is a free abelian group whose rank equals the rank of 
Ga- Since 7 is a surjective map of free abelian groups, we find that 7 is an isomorphism if and only 
if f equals the rank of G^. By [LP95, Theorem 4.3], the Mumford-Tate conjecture for A holds if 
and only if f equals the rank of Ga- D 

Using that Sa has density 1, Theorem 1.2(i) will follow immediately from the next lemma. 

Lemma 6.3. Fix a place v G Sa- 

(i) The abelian variety A^ is isogenous to B"^ for an abelian variety B over^^. 

(ii) // the Mumford-Tate conjecture for A holds, then Pb{x) is separable where B/F^ is as in 

(iii) If Pb{x) is irreducible, then the abelian variety B/¥^ in (i) is absolutely simple. 
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Proof. Fix a prime i such that v ] i and choose an embedding Q ^ Q^. By Proposition 2.7, 
p^^£(Frob^) gives a conjugacy class in Gyi(Q^). Choose an element t E T(Q£) that is conjugate to 
PA/(Ptohv) in Gyi(Q^). By (6.1) and Lemma 6.1(iv), we have 

(6.2) Pa^ (x) = det{xl - t) = (^l[{x - ait))] 

and hence PA^ix) is the ?n-th power of a monic polynomial Q{x) in 

The field F„ has prime cardinality p := N{v) since v E The polynomial x"^ — p does not 
divide Pa^{x)\ if it did, then —1 = (— ^/p)/y^ would belong to $a„i which is impossible since 
^Ay is torsion-free by our choice of Sa- Theorem 2.1 thus implies that is isogenous to for 
some abelian variety B/F^ which satisfies Pb{x) = Q{x). This proves (i). If the Mumford-Tate 
conjecture for A holds, then Q{x) is separable by (6.2) and Lemma 6.2; this proves (ii). 

Finally we consider (iii); suppose that Pb{x) is irreducible. Take any positive integer i and let F 
be the degree i extension of F„. We have Pb^{x) = JlTrGWA ~ since Pb{x) is separable with 
roots Wai,- For a E GalQ and vri,7r2 E Wa„, we claim that o-(7r|) = vrl if and only if 0"(7ri) = tt2- 
If a{TTi) = TT2, then we have o'{tt\) = tt^ by taking i-th powers. If o'(7r^) = vTg, then (j['ki)/'K2 

X 

equals 1 since it is an i-th root of unity that belongs to the torsion-free subgroup ^a^ of Q . 
The group Galjj acts transitively on since Pb{x) is irreducible. The claim then implies that 
PBf{x) E is irreducible and hence Bf is simple. The abelian variety B is absolutely simple 
since i was arbitrary. □ 

6.2. Galois action. For the rest of §6, we shall assume that the Mumford-Tate conjecture for 
A holds. Fix a place v E Sa- Choose an element t„ E T(Q) such that clQ^(tt,) = where 
F^j E Conj'(GA)(Q) is as in Theorem 4.1; the place v satisfies the condition of the theorem since 
is torsion-free. Since F^ = cIq^ {pA/(Fiohy)) for any prime i satisfying v \ i, we may further assume 
that ti, is chosen so that det(j;/ — t^) = Pa^{x). Let T be the subgroup of Aut(TQ) = Aut(X(T)) 
from §4. 

By Lemma 6.2, the map 

7:X(T)^$A„, a^a{ty) 

is a homomorphism that satisfies j{^) = Wa^, ; it is an isomorphism since we have assumed that 
the Mumford-Tate conjecture for A holds. For each a E GalQ, we define ipvi^cr) to be the unique 
automorphism of ^(T) for which the following diagram commutes: 

X(T) $A„ 

iiv{cr) 



X(T)^«I>A„. 



This defines a Galois representation 



GalQ ^ Aut(X(T)). 

For each prime we choose an embedding Q ^ Q^. With respect to this embedding, the 
restriction map gives an injective homomorphism Gal^^, ^ Gal^. This embedding and the our 
assumption that the Mumford-Tate conjecture for A holds, gives an isomorphism VF(Ga,T) — > 
VF(Ga,(Q£, Tq^) = T^(Ga,^, Tq^). If Tq^ is split and f f ^, then using this isomorphism of Weyl 
groups and the construction of §5, we have a group homomorphism 



V^,,^: Ga% ^I^(Ga,T). 
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Lemma 6.4. Fix notation as above and let i be a prime for with Tq^ is split and v \ i. Then for 
all a G GalQ^, ^t,((7) and ijj^/{a) are elements o/VF(Gyi,T) that lie in the same conjugacy class of 

r. 

Proof. Recall that to define ipv,£j we chose an element t^^i S T(Q^) such that is conjugate to 
PA,^(Frob„) in G^,^(Q^) = Ga(Q^). This implies that clG^ity/) = cIg^{pa,£{FvoK)) = F^. So 
there is a unique /3 G F such that ty^i = /3{ty). Now take any a G GalQ^ and a G X{T). We have 

a{a{t„)) = aiairHtv/))) = a(/3-i(a(t„,^))) 

where we have used that /? and a are defined over since Tq^ is split. By the definition of ipv/^ 
we have 

cT(a(t„)) = a(r'(V'./(f^)-'(V))) = (ao(/3-ioV',,,(a)-io/3))(i„). 
From our characterization of ipy{a), we deduce that tpy{a) equals f3~^ o ipv/i^^) ° /3; it is an element 
of W{Ga, T) since tpv/{a) G W{Ga, T) and W{Ga, T) is a normal subgroup of F. □ 

Recall that we defined /cga to be the intersection of all the subfields -L C Q for which Ga.l is 
split; it is a finite Galois extension of Q. The following gives a strong constraint on the image of 

Lemma 6.5. With notation as above, ipv^Galkf^ ^) is a subgroup of W{Ga,T^)- 

Proof. Let L C Q be a finite extension of Q for which T^;, is split. Let A be the set of primes i for 
which ipy is unramified at i, v \ i, and i splits completely in L. The torus Tq^ is split for all i G A. 
From Lemma 6.4, we find that tpy{Fvohi) belongs to W{Ga,T) for all £ £ A. The Chebotarev 
density theorem then ensures us that ■(/'^(Gal^) C W{Ga,T). 

Now suppose that L C Q is any finite extension of Q for which Ga,l is split. Choose a maximal 
torus T' of Ga for which T'^ is split. Fix an element g G G^(Q) such that = gT-^g~^, 

and define ty := gtyg~^. We have clQ^(t^) = F^ and det(x/ — t'^) = P4„(x). As above, we can 
define a homomorphism ip'^ : Gal^ — )■ Aut(X(T')) that is characterized by the property a{a{t'y)) = 
(V'(,(o')a) {ty) for all a G X(T') and a G Galjj. The argument from the beginning of the proof shows 
that V^UGali) C W{Ga,'T')- We now need to relate ipy and V'^. 

Define the isomorphisms /3 : ^ TL, t ^ gtg'^ and : Aut(TQ) Aut(T^), / H> /3o/o/3-i. 

One readily checks that /3*(P^(Ga, T)) = W{Ga,T'). Take any a G X{T) and a G Gali. For 
the rest of the proof, it will be convenient to view 'ipy{cr) and ip'yicr) as elements of Aut(TQ) and 
Aut(T^), respectively. By the defining property of we have 

a{a{ty)) = a{{a o r^){t[)) = {a o f3~^ o = (a o f3~^ o ^p'y{a)-' o /3)(t„) 

By our characterization of ipy (a) , we deduce that ipy (a) = I3~^ o ip'^ (cr) o /3 = (d)) . Therefore, 

^.(Gali) C /3-i(Ty(GA,T')) = TV(Ga,T). 

We have shown that ipy{GalL) C W{Ga,T^) for every finite extension L/Q for which Ga,l is 
split. It is then easy to show that tpy{Galkfj.^) C W{Ga,T^)- D 

We will now prove that ip^ has large image for most places v. 

Proposition 6.6. Fix a finite extension L of kc^. Then ^^(Gal/,) = VF(Ga,T) for all places 
V £ Sa away from a set of density 0. 

Proof. By Lemma 6.5, we know that ^py{Ga\L) is a subgroup of W{Ga,T^) for all v G Sa- There 
is no harm in replacing L by a larger extension, so we may assume that T^, is split. Let A be the 
set of primes i that split completely in L, and let Aq be the set of £ G A that satisfy i < Q. The 
torus Tq^ is split for all ^ G A. After removing a finite number of primes from A, we may assume 
by Proposition 2.10(i) that Qa/ is a reductive scheme over for all i £ A. 

17 



Let be the Zariski closure of T in the group scheme GLj:/^(^(c)^2) over Z; note that the 
generic fiber of GL//^(yi(c)^2) is GLy. For i sufficiently large, ,9%^ is a torus over TLi. Since the 
Mumford-Tate conjecture for A has been assumed, we find that is a maximal torus of Qa^i for 
all sufficiently large primes i. So after possibly removing a finite number of primes from A, we find 
that 3^%^ is a split maximal torus of the reductive scheme QA,i for all ^ E A. 

Let K' /K be an extension as in Proposition 2.11. Fix a non-empty subset C of VF(Ga, T) that is 
stable under conjugation by F. For each ^ G A, we can identify C with a subset of W{GA,t^ TqJ = 
^ {{G A/)Qn i^^e)'Qt)- With our fixed C and K' , let Ui be sets of Lemma 5.1 for £ £ A. 

Let V be the set of place v € Sa for which ^(Frobt,) ^ Ui for all £ G A that satisfy v \ i. Let 
V{Q) be the set of places v & Sa such that ^(Frobt,) ^ f/^ for all i £ Ag that satisfy v ] £. By 
Proposition 2.12 and using that 5^ has density 1, we find that V{Q) has density 

\C\ T-r \PAA'^c)ri{pA,i{GalK)-Ue)\ 

2^\G^l{K'/K)\' \paA^c)\ 

where C varies over the conjugacy classes of Gal(i^'/i^) and Fc is the set of a G Gal^ for which 
a\K' G C Using the bounds of Lemma 5.1, we have 

« n (1 - MGOT ' ^ n - + om 

where the implicit constants do not depend on Q. Since A is infinite and C is non-empty, we find 
that limQ_!.+oo <Jq = 0. Since V is a subset of V{Q) for every Q, we deduce that the density of V 
exists and equals 0. 

Now take any place v G Sa — V. There is some prime ^ G A for which v \ i and Pa ^(Frob^,) C Ui. 
By the properties of Ui from Lemma 5.1, we find that ipy^£ is unramified at £ and tpy^ilFvohi) C C. 
Since C is stable under conjugation by F, Lemma 6.4 implies that '(/'^(Frob^) C C. Since £ splits 
completely in L, we deduce that ^y{GalL) H C / 0. 

For each v G Sa, we have ipy{GalL) C W{Ga,T^) by Lemma 6.5. By considering the finitely 
many C, we find that for all places v G Sa away from a set of density 0, we have ipy{GalL) n C / 
for every non-empty subset C of VF(Ga, T) that is stable under conjugation by F. By Lemma 4.2, 
we deduce that ^py{GalL) = W{Ga,T) for all places v £ Sa away from a set of density 0. □ 

6.3. Proof of Theorem 1.5. Take v G Sa- The group ^Av is generated by Wa^j- Using this and 
Lemma 6.5, we find that V'j^lcaii, factors through an injective homomorphism Gal(L(WA„)/-^>) ^ 
W{Ga,T) = W{Ga)- It is an isomorphism for all v £ Sa away from a set of density by 
Proposition 6.6. The theorem follows by noting that Sa has density 1. 

6.4. Proof of Theorem 1.2(ii). Fix a place v G Sa- The following lemma says that if the image 
of ipv is as large as possible, then Pa^ (x) factors in the desired manner. Take any embedding -E C Q 
and let E be the Galois closure of E over Q. 

Lemma 6.7. Let L be a finite extension ofkc^ which contains E. If ipylGali) = VF(Ga,T), then 
PAy{x) is the m-th power of an irreducible polynomial. 

Proof. The isomorphism 7: X(T) — )• ^a^ of §6.2 gives a bijection between 17 and Wa„- By 
Lemma 6.1(ii), the action of W{Ga,T) partitions Q into r orbits. Since 'ipy{GalL) = VF(Ga,T) by 
assumption, we deduce that the Gal^-action partitions Wa„ into r orbits; equivalently, Pa^{x) has 
r distinct irreducible factors in L[x]. From Lemma 6.3, we know that is the m-th power of a 

separable polynomial. So there are distinct monic irreducible polynomials Qi{x), . . . , Qr{x) G L[x\ 
such that 

(6.3) PAA^) = Qi{xr---Qr{xr. 
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We will identify these r irreducible factors, but we first recall some basic facts about A-adic repre- 
sentations where A is a finite place of E. A good exposition on A-adic representations can be found 
in [Rib76, I-II]. 

The ring End(^) (SDz Q, and hence also the field E, acts on V = Hi{A{C),Q). Therefore, 
Ve{A) = V ®Q Qi is a module over Eg := E Q^. We have Ei = Ylx^gEx, where A runs 
over the the places A of dividing £. Setting Vx{A) := Ve{A) (^Ei Ex, we have a decomposition 
Vi{A) = 0;^!^ Vx{A). Since E C End(^) (8)zQ, the action of Gal/< on Vi,{A) is E'^-linear. Therefore, 
Galx acts £^;v-linearly on Vx{A) and hence defines a Galois representation 

PAX- GalK^ ^ViiE^{Vx{A)). 

(Of course when = Q, we have our usual £-adic representations.) For each A, we will denote 
the rational prime it divides by ^(A). Since A has good reduction at u, there is a polynomial 
Pa^,e{x) € E[x\ such that 

Pa^,e{x) = det(x/ - pA,A(Frob^)) 
for all finite places A of -E for which v \ i{X). The connection with our polynomial Pa^{x) G Q[x] 
is that 

PaAx) = Ne/q{Pa.,e{^)), 

cf. [Shi67, 11.8-11.10]. 

Choose a prime i that splits completely in E for which v \ i. We then have a decomposition 
Ve{A) = Ylx\e^>^i^) Galx acts on each of the r = [E : Q] vector spaces Vx{A). This implies 
that Vx{A) is a representation of Ga/ = Ga,(Q^ for each A dividing i. 

Using Lemma 6.1, we deduce that Vx{A) C Vf^QQi is an absolutely irreducible representation of 
GA,Qe and that each weight has multiplicity m. Therefore, PAy,Eix) is the m-th power of a unique 
monic polynomial Qv{x) G E[x], and hence PAy{x) = Ne/q{Pa^,e{x)) = Ne/q{Qv{x))"^ ■ So 

paAx)= n ^(Q-wr 

a : E^L 

where the product is over the r field embeddings of E into L (this uses our assumption that 
E C L). From our factorization (6.3), we deduce that the polynomials a{Qv{x)) are irreducible 
over L[x]. In particular, Qv{x) is irreducible over E. That Qv{x) is irreducible in E[x] implies that 
PAy{x) = Ne/q{Qv{x))'^ is a power of some irreducible polynomial over Q. Since Pa^{x) S Z[x] 
is the m-th power of a separable polynomial, we deduce that Pa^{x) is the m-th power of an 
irreducible polynomial. □ 

Fix a finite extension L of A;ga which contains E. By Proposition 6.6, there is a subset T C 
with density such that ipv{GalL) = W{Ga, T) for all v G Sa — T ■ By Lemma 6.7 and Lemma 6.3, 
we deduce that for all v G Sa — A^ is isogenous to B"^ where B is an absolutely simple abelian 
variety over F„. Our theorem follows by noting that Sa has density 1 and T has density 0. 

7. Proof of Theorem 1.4 

After replacing A by an isogenous abelian variety, we may assume that A = Wl^i A^' where the 
Ai are simple abelian varieties over K which are pairwise non-isogenous. 

Lemma 7.1. Fix an integer 1 < i < s. The abelian variety Ai/K is absolutely simple, K'^^^ = K , 
and the Mumford-Tate conjecture for Ai holds. 

Proof. Take any prime i. Viewing Ai as one of the factors of A, we may view Ve{Ai) as a subspace 
of V£(^) stable under Galx- Restriction to Vi{Ai) defines a homomorphism vr: Ga/ ^Ai,i 
of algebraic groups for which Tr{GA/) is Zariski dense in Ga^/- Since Ga/ is connected by our 
assumption K'^"^^^ = K, we deduce that Ga^/ is also connected. Therefore, ET™"^" = K. 
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Since Ai is simple, we know by Fallings that Ve{Ai) is an irreducible Q£[Gali^]-module, and 
is hence an irreducible representation of GAi,e- Take any finite extension L of K. The group 
PAi,£(Gali) is Zariski dense in GAi,i since it is connected. So Vi{Ai) is an irreducible Q^[GalL]- 
module, and hence Ai^i is simple. Since L was an arbitrary finite extension of K, we deduce that 
Ai is absolutely simple. 

Again by viewing Ai as one of the factors of A, we can view Hi(Ai(C),'Q) as a subspace of 
Hi(A(C),Q_), which induces a homomorphism G^i — )• Gy^.. One can show that this is compatible 
with the corresponding map vr, and that the Mumford-Tate conjecture for Ai follows from our 
assumption that the Mumford-Tate conjecture for A holds. □ 

Fix an integer 1 < i < s. Lemma 7.1 allows us to apply Theorem 1.2(ii) to each Ai. By 
Theorem 1.2(ii), there is a subset 71 ^ 'Sk with density such that for all v S T,k — Ti,Ai modulo 

V is isogenous to where Bi^y is an absolutely simple abelian variety over F„. Set T = Ui=i '^I; 
it has density 0. For all v G T,k — T, we find that A^, is isogenous to a product ni=i -^H)'"* where 
each Bi^y is absolutely simple over F^,. 

It remains to show that the abelian varieties Bi^^,, . . . , Bg^v sue pairwise non-isogenous for all 

V £ T,k — T away from a set of density 0. It suffices to consider fixed 1 < i < j < s. Fix a prime i. 
UB i^i, is isogenous to Bj^^, then A^ and A^^ modulo v are isogenous, and hence 

mjtr(pA,,^(Frob„)) = tr(/>^™j^^(Frob^,)) = tr(p^^.m,^^(Frob„)) = mj tr(/3^^,^^(Frob„)) 

iiv \ i. Let V be the set oiv G T,k for which Ai and Aj have good reduction and rrij tr(pyi,^^(Frob^,)) = 
TTij tr(/3^^,^^(Frob^,)). To finish the proof, it suffices to show that V has density 0. 

We can view Ga^xAj/ as an algebraic subgroup of GAi,e x Ga^/- Let W/Qt be the subvariety 
of Ga„i X Gaj/ defined by the equation nij tr{g) = mjtr(g') with {g,g') £ Ga„£ x Gaj,i- 

First suppose that Ga^xAj/ ^ W. Then trop^m^^^ = rrij • tvopj^^^ = vrii ■ ivopj^^ ^ = tr op^_^.mi^^, 
and hence Al^^ and are isogenous by the work of Faltings. Since Ai and Aj are simple, we 
deduce that they are isogenous; this contradicts our factorization of A. 

Therefore, GAixAj,i 2 Arguing as in Lemma 7.1, we find that the group GAixAj/ is 

connected. Since Ga^xAj/ is connected, Ga^xA,/ H is of codimension at least 1 in G^.xAj,^- 
The Chebotarev density theorem then implies that V has density 0, as desired. 

8. Remarks on Conjecture 1.6 

We restate Conjecture 1.6, but now emphasize that n(Gyi) is the group defined in §3.2. 

Conjecture 8.1. Let A be a non-zero abelian variety defined over a number field K that satisfies 
^™ = K. Then Gal(Q(>VAj/Q) = n(GA) for all v £ J^k away from a subset with natural 
density 0. 

When A is also absolutely simple, we shall show that this conjecture follows from other well- 
known conjectures which have already been discussed. 

Theorem 8.2. Let A be an absolutely simple abelian variety defined over a number field K that 
satisfies i^'™'^" = K. Suppose that the Mumford-Tate conjecture for A holds and that a class 
Fy E Conj(Gy!i)(Q) as in Conjecture 2.8 exists for all v E T^k away from a set of density 0. Then 
Conjecture 8. 1 for A is true. 

Remark 8.3. 

(i) Let A be an absolutely simple abelian variety defined over a number field K such that 
^mnn _ such that the Mumford-Tate conjecture for A holds. Suppose further that 

(G^'''')q has no normal subgroups isomorphic to SO(2A;)q with A; > 4. Theorem 4.1 then 
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implies that a class F^, S Conj(Gyi)(Q) as in Conjecture 2.8 exists for all v G Sa (where Sa 
is the set of density 1 from §2.4). 

(ii) Theorem 8.2 should remain true without the assumption that A is absolutely simple. We 
required this assumption in order to apply Proposition 6.6. That proposition in turn needed 
the assumption in order to use Proposition 2.10 (note that in [Win02, §3.4], Wintenberger 
shows that the special fiber of Qa,£ agrees with the reductive group constructed by Serre, 
but only in the case where A is absolutely simple). 

(iii) Under the stronger hypotheses of Theorem 8.2 it is easier to prove Theorem 1.2. Using 
that n(G^, T) acts transitively on the set of weights (Lemma 6.1), one can show that if 
Gal(Q(WAj/Q)) = n(GA), then Gal^ acts transitively on the set Wa^- This avoids the 
more complicated argument in the proof of Lemma 6.7. 

8.1. Example: abelian varieties of Mumford type. There are abelian varieties A/K of di- 
mension 4 with End(Aj^) = Z for which ^ GSpgQ. We say that such an abelian variety is 
of Mumford type. Such abelian varieties were show to exist by Mumford in [Mum69]. For further 
details about such varieties, see [NooOO]. 

Let A be an abelian variety over a number field K that is of Mumford type and satisfies ii'™"'^ = 
K. Let G^'^'' be the derived subgroup of G^- One can show that the group G^'^'' is simple over Q 
and that (G^'^'')^ is isogenous to SL^ ^. The Mumford- Tate conjecture for A holds by Theorem 5.15 

of [Pin98]. By Theorem 1.2, we deduce that the reduction Ay/¥y is absolutely simple for all v G T,x 
away from a set of density 0; this is Theorem C of [Achll]. 

By Theorem 8.2 and Remark 8.3(i), we also deduce that Gal(Q(WA„)/Q) is isomorphic to n(G^) 
for al\ V £ TiK away from a set of density 0. 

Finally, let us describe the possibilities for the group II{Ga)- The center of Ga is the group 
of homotheties Gm since End{Aj^) = Z. Since the center of Ga is split, we find that the groups 
n(GA) and n(G^°'') are isomorphic. Let $ be a root system associated to G^'^''. Using that G^'^'' 
is semisimple, we see that the group n(G^) is isomorphic to a subgroup of Aut(^>) which contains 
the Weyl group W{^) = W{Ga) - (Z/2Z)^. The group Aut($) is isomorphic to the semidirect 
product (Z/2Z)^ x 53, where 6*3 acts on (Z/2Z)^ by permuting coordinates. Using that the algebraic 
group G'^'^ is simple over Q, we find that n(G^) must contain an element of order 3. Therefore, 
n(GA) is isomorphic to (Z/2Z)3 x ^3 or (Z/2Z)3 x ^3. 

Remark 8.4. We have just shown that Pa^{x) is irreducible and Gal(Q(WAj/Q) = n(GA) for ah 
V G T,x away from a set of density 0. Fix such a place v. Even though Pa^ (x) is irreducible, we find 
that Pa^{x) (mod £) is reducible in ¥e[x] for every prime £ (one uses that the polynomial Pa^{x) 
has degree 8 while n(Gy4) has no elements of order 8). 

8.2. Proof of Theorem 8.2. Fix an embedding K Q C and let Ga be the Mumford- Tate group 
of A. Choose a maximal torus T of Ga- By assumption, there is a set S C Tik with density 1 such 
that an element Fy £ Conj(GA)(Q) as in Conjecture 2.8 exists for all v £ S. Let Sa be the density 
1 subset of TiK from §2.4. Without loss of generality, we may assume that S C Sa- 

Take a place v £ S, and define the set 

X:={t£T{q):clG^{t) = Fy}. 

Choose an element ty £ Jy \ it satisfies det(x/ — t^,) = Pa^{x). By Lemma 6.2, the map 7^ : ^(T) — )• 
y) is an isomorphism of free abelian groups (this uses our assumption that the 
Mumford- Tate conjecture for A holds). There is thus a unique homomorphism : GalQ — >■ 
Aut(X(T)) such that cr{a{ty)) = {'il;y{a)a){ty) for all a £ Galjj and a £ X{T). 

We will now show that the image of ipy lies in n(GA,T). Conjugation induces an action of 
W{Ga, T) on J'y] this action is simply transitive (the group W{Ga, T) acts faithfully on since 
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the subgroup generated by each t ^ \s Zariski dense in T^). Since F„ and c1g4 are defined 
over Q, the set Ji, is also stable under the action of Gal^. So for each a E Galjj, there is a unique 
Wa e W{Ga,T^) such that (t{U^ = w~^{U). For a G X(T), we have 

a{a{t^)) = a{a){a{t^)) = a{a){w~^ [t^)) = {a{a) o w^^){t^). 

Therefore, 

(8.1) 'ipv{a)a = cr{a) o Wo- 

for all a G Gal^ and a G ^(T). Since Wcr G W{Ga,T), we find that ijji,{a) belongs to n(Gyi,T) 
for all a G GalQ. 

Recall that P^(Ga, T) is a normal subgroup of 11(0^, T). Define the homomorphism 

: GalQ ^ n(G^, T) ^ U{Ga,T)/W{Ga, T). 

From (8.1), we see that ip^ agrees with the composition of the homomorphism ipT- GalQ — t- 
n(GA,T) from §3 with the quotient map n(GA,T) U{Ga,T)/W{Ga,T). In particular, we 
find that is surjective. Therefore, we have ijjv{GalQ) = n(GA,T) if and only if ^'^(GalQ) 5 
W{Ga,T). 

Using Proposition 6.6, we deduce that ipy{GalQ) = n(GA,T) for all v £ S away from a set of 
density (in fact, it would be much easier to prove Proposition 6.6 in the current setting since we 
do not have the extraneous group F to deal with) . Using that Wa„ generates , we find that ^pv 
factors through an injective homomorphism Gal(Q(WA„)/Q) ^ n(GA,T) = n(Gyi); the theorem 
follows immediately. 



9. Effective bounds 

For each place v G S^, we define N{v) to be the cardinality of the field F^. For each subset ^ 
of TiK and real number x, we define =y(a;) to be the set v £ that satisfy N{v) < x. 

Let A be an absolutely simple abelian variety defined over a number field K such that K'^^^ = 
K. Define the integer m = [End(A) ®i Q : E]^^"^ where E is the center of the division algebra 
End(A) ®i Q. Let d and r be the dimension and rank, respectively, of G^. The following makes 
Theorem 1.2(i) effective. 

Proposition 9.1. Let .5^ he the set of places v G 'Sk such that is not isogenous to for 
some abelian variety B over¥y. Then \S^{x)\ <^ (logx^^+^Z'^ ' ((log log log log log x)"'^/'^. If the 

Generalized Riemann Hypothesis (GRH) is true, then \^{x)\ <C 2;^~2d (log x)"^"*"^/*^. 

We can also state an effective version of Theorem 1.2(ii) and Theorem 1.5. 

Theorem 9.2. Suppose that the representations {pA,e}£ are independent, i.e., {Yie PA/) [Galx) = 
/"^.^(Gali^) (by Proposition 2.11 this can he achieved by replacing K with a finite extension). 

Assume that the Mumford-Tate conjecture for A holds. 

Let S^i he the set of places v G Tjk for which A^ is not isogenous to B^ for some absolutely 

simple abelian variety B/F^. Fix a finite extension L ofk^^ and let 5^2 he the set of places v G T,k 

for which Gal(L(>VA„)/-^^) is not isomorphic to W{Ga)- 
Then 

I ^ x(loglogx)^+V(=^'^) 

' ^' (logx)i+V(6<i) ■ 

// the Generalized Riemann Hypothesis ( GRH) is true, then 

1 1 2 

\yi{x)\ <^ X 4d+2r+2 (log x) 2d+r+l . 
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These bounds will be an application of the large sieve as developed in [Zyw08]. Cases where 
Ga = GSp2 

dim(A),Q handled in [Zyw08, §1.4] and many other cases were proved by Achter, 
see [Achll, Theorem B]. For comparison, note that |5]/<(a::)| ~ x/logx as x — ?• +00. 

9.1. ^-adic subvarieties. 

Lemma 9.3. Fix a prime i and a proper subvariety V of Ga,i which is stable under conjugation. 
Let .5^ be the set of place v G S^- for which A has good reduction, v \ i, and pA/(Frohj]) C y(Q^). 
Then 

1^(^)1 ^ n ^TTTTd • ((log log x)2 log log log x)!/"^. 

(logx)^+^/'* 

If GRH holds, then \y{x)\ < 2;i-2Ti(logx)"^+2/rf_ 

Proof. Let d' be the dimension of Ga/- The variety V has dimension at most d' — 1 since it is a 
proper subvariety of the connected group Ga/- By Proposition 2.3, pA/iGalx) has dimension d' 
as an ^-adic Lie group. As an ^-adic analytic variety, V{Qi) H p^^^ (Gali^) has dimension at most 
d' — 1. By [SerSl, Theoreme 10(i)], we have 

I c^/ M ^ a; /(logloga;)2logloglogx\i/rf' x ^2, 1 1 xi/d' 

\y[x)\ < = - (log log log log log x^/'^' 

log XV logx / (logx)i+i/^ 

Assuming GRH, [SerSl, Theoreme lO(ii)] implies that 

« r^(^)''' = -^"-(iog-)-^^/'^'. 

log X V x^/^ / 

We have d' < d by Proposition 2.7; the lemma then quickly follows. □ 

We can now consider our set 5^ from §2.4. 
Lemma 9.4. We have \Ek{x) - Sa{x)\ < (i„g^)i+i/d • ((log log x)^ log log logx) ^Z"^. // GRH holds, 
then |Si^(x) - 5a(x)| < x^''^i{\ogx)-^+^/'^ . 

Proof. There are only finitely many places v for which A has bad reduction. If v € S/^(x) satisfies 
N{v) = p^ with e > 1, then p < ^/x. Using that at most [K : Q] places of K lie over a given prime 
p, we find that \{v G ^k{x) ■ N{v) not prime} | < [K : Q]v^- 

Fix a prime i. It thus suffices to consider the set ^ of places v G T,k for which A has good 
reduction and v \ i such that ^Ay is not a free abelian group with rank equal to the common rank 
of the groups Ga/- In [LP97, §2], Pink and Larsen show that there is a proper subvariety V of Ga/ 
stable under conjugation such that if ^^^^^(Frobt,) ^ V{Qi), then v G y. [Let T„ be the algebraic 
subgroup of Ga/ generated by a representation of pA/(Frohy). Then is a free abelian group 
with rank equal to the rank of Ga/ if and only if T^, is a maximal torus of Ga/ and ^^^^^(Frobt,) 
is "neat".] 

The required bounds for |=5^(x)| then follow from Lemma 9.3. □ 
Proof of Proposition 9.1. The proposition follows from Lemma 6.3 and Lemma 9.4. □ 

9.2. Proof of Theorem 9.2. For a finite group G, we denote its set of conjugacy classes by G". 

Lemma 9.5. Let G be a split and connected reductive group defined over a finite field Fg. Let d 
and r be the dimension and rank of G, respectively. 

(i) We have |G(Fg)| < q'^ . 

(ii) There is a constant k > 1, depending only on d and r, such that |G(Fg)''| < Kq^ . 
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Proof. The reductive group G is the almost direct product of a spht torus and a spUt semisimple 
group. We can then reduce (i) and (ii) to the case where G is a spht torus or G is a connected 
and spht semisimple group. If G is a split torus, then r = d and we have |G(Fq)| = |G(Fq)''| = 
{q - 1)^ < q'^. 

Now suppose that G is semisimple. We first prove (i). The cardinality |G(Fg)| does not change 
under isogeny, so we may assume that G is simply connected. The group G is then a product 
of simple, simply connected, and split semisimple groups (the number of factors being bounded 
in terms of d); so we may assume further that G is simple. There are positive integers such 
that |G(Fg)| = g'^ 131=1 ~ ^^is "^^^ deduced from [Ste68, Theorem 25(a)]. Therefore, 
|G(F,)| < 

We now prove (ii). If is a proper subgroup of a finite group G, then we have inequalities 
\H^ < [G : H]\G^ and \G^ < [G : H]\H^, cf. [Ern61]. Using these inequalities, we can reduce 
part (ii) to showing that if G is a finite simple group of Lie type over F^ which arises from a simple 
algebraic group of rank r. Then IG"! < nq^ for some constant k > 1 depending only on r; this 
follows from [LP97b, Theorem 1]. □ 

Proposition 9.6. Fix a set A of rational primes with positive density such that Qa,i is a split 
reductive group scheme over for all i £ A. For each prime i £ A, fix a subset Ui of ^(Gali^) 
that is stable under conjugation and satisfies |L'^|/|p^^^(Gal/f )| = 6 + 0{l/i) for some < 5 < 1, 
where 6 and the implicit constant do not depend on i. Let V be the set of place v € T,x for which 
A has good reduction and for which jo^ ^(Prob^) ^ Ui for all i £ A that satisfy v \ I. 

(a) Then 

11V M a;(logloga;)i+i/(3d) 
« (logx)i+i/(6^) • 

(b) // GRH holds, then 

1 1 2 

|V(X)|<X 4d+2r+2 (log x) 2d+r+l . 

Proof. For each £ S A, we set := ^^^(Galx). Take any prime £ S A, and let G/F^ be the 
special fiber of QA,i- By Lemma 9.5(i), we have < |G(Ff)| < l'^. We have an inequality < 
[G(F£) : Hi\ ■ |G(F£)''| (see the comments following [ErnGl, Theorem 2]). By Proposition 2.10(ii) 
and Lemma 9.5(ii), there is a constant k> 1 which does not depend on £ such that \Hj\ < k£'^ . 

We now set some notation so that we may apply the sieve of [Zyw08]. After possibly removing 
a finite number of primes from A, there will be a constant c^' > such that |f7£|/|/0A/(Galx)| > S' 
for all i € A. Let Aq be the set of ^ G A that satisfy i < Q and let 2{Q) be the set of subsets D 
of Aq that satisfy H^gd ^ Q- Define the function 

Dez{Q)eeD 

For Q large enough, we have L{Q) > J2eeA e<Q/K ^' I ^ ~ ^ Q/^^S Q where the implicit constant 
does not depend on Q; this uses that A has positive density. For each D G 2{Q), we define the 
group Hd ■= riteD ^ ^ ^(Q)i we have 

(9.1) I^dI < n ^'^ ^ ^'^ and \hI\ < Yl Kf < {Jl Kiy < Q'' . 

We first consider the unconditional case. Theorem 3.3(i) of [Zyw08] implies that for a sufficiently 
small positive constant c, we have 

\V{x)\ <. ^ •L(c(logx/(loglogx)=')i/(6'^))^\ 
log X 
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Using our bound L{Q) S> Q/logQ, we obtain 

Now suppose that GRH holds. Theorem 3.3(ii) of [Zyw08] implies that 

|V(x)|<(-^+ max \Hd'\- V \hI\\H d\ ■ x^/^ \ogx) L{Q)-\ 

MogX D'&Z{Q) < < -u<< < y V / 

Using (9.1), L((5) >(5/log(5 and |2:((5)| < Q, we obtain the bound 

|V(x)| « (-^ + Q^.|^(Q)|Q'^QV/2logx)(logQ)/Q< (-^ + QV/2logx)(logQ)/Q 
Vlogx / Vlogx / 

where we have set f := 2d + r + 1. Setting Q equal to (rc^/^/ (log x)'^)^/^, we deduce that 

|V(x)| < 7^(log Q)/Q < x/Q = x^'^{\ogxf'L 
iogx 

Note that Theorem 3.3 of [Zyw08] required our assumption that the representations {pA,t}t 
independent. □ 

We finally begin the proof of Theorem 9.2. Fix a maximal torus T of Ga- In §6.2, we defined 
a homomorphism ip^: Galjj — >• Aut(X(T)) for every place v G Sa- The following is an effective 
version of Proposition 6.6. 

Proposition 9.7. Fix a finite extension L of kc^. Let .5^ he the set of places v E 5^ for which 
Tp^iGalL) ^W{Ga,T). Then 

x(loglogx)^+V(3'^) 

' (logx)l+l/(6<i) • 

// GRH holds, then 

1 1 2 

\y{x)\<^X 4d+2r + 2(logx)2d+r+l. 

Proof. The proof is the same as that of Proposition 6.6 with a few extra remarks. After replacing 
L by a finite extension, we may assume that T/, is split. In the proof of Proposition 6.6 we chose 
a certain set of primes A with positive density such that QA,i/'^e is a split reductive group scheme 
for all i € A. For a fixed non-empty subset C of W{Ga,T) which is stable under conjugation 
by r, we defined the set V consisting of those places v £ Sa for which jo^^^(Frobt,) ^ Ui for all 
£ £ A that satisfy v \ i; where the sets Ui of p^£(Galj<-) are stable under conjugation and satisfy 
|t^£l/|PA,£(Gali^)| = \C\/\W{GA,T)\+0{l/e). We can then apply Proposition 9.6 to bound |V(x)|. 
The proposition then follows in the same manner as before. □ 

The proof of Theorem 9.2 is now identical to §6 where we make use of Lemma 9.4 and Proposi- 
tion 9.7 instead of using that certain sets have density 0. 
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